We discuss how transitions in the space of heterotic K3×T 2 compactifications are mapped by duality into transitions in the space of Type II compactifications on Calabi-Yau manifolds. We observe that perturbative symmetry restoration, as well as non-perturbative processes such as changes in the number of tensor multiplets, have at least in some cases a simple description in terms of the reflexive polyhedra of the Calabi-Yau manifolds.
Introduction
In this note we explore four-dimensional, N = 2 string vacua in connection with the conjectured duality [1, 2] between (0, 4) compactifications of the E 8 × E 8 heterotic string on the manifold K3 × T 2 and the type IIA string compactified on a Calabi-Yau manifold. This duality has been the subject of several articles in the recent literature [3] [4] [5] [6] [7] [8] [9] [10] [11] . Schematically we may write
where V denotes the bundle (more properly a sheaf) corresponding to the background gauge field and M = M V a Calabi-Yau manifold that depends on V. This duality induces a correspondence V ↔ M V between vector bundles on K3×T 2 and certain (perhaps all) Calabi-Yau manifolds, though a special role is played by manifolds that are K3-fibrations [3, 4, 9] . The evidence supporting this correspondence is based on the identification of certain dual pairs (V, M V ) through a computation of Hodge numbers and, very compellingly, on detailed comparison of the structure of the moduli-spaces of V and M V for candidate dual pairs previously identified on the basis of their Hodge numbers [1, 6, 7, 12, 13] .
Two observations concerning this duality are the subject of the present article: that a great many Calabi-Yau manifolds are known in terms of toric data [14] [15] [16] [17] and the correspondence, pointed out by Batyrev, between Calabi-Yau manifolds and reflexive polyhedra [18] . Proceeding loosely: we have a correspondence between reflexive polyhedra, ∆, and Calabi-Yau manifolds M ∆ . Combining this with the correspondence between vector bundles V and Calabi-Yau manifolds gives a correspondence between vector bundles on K3 × T 2 and reflexive polyhedra V = V ∆ . It is known also that the moduli spaces of Calabi-Yau manifolds form a web in which continuous transitions between different Calabi-Yau manifolds (phases) occur due to the shrinking to zero of certain homology two cycles and three cycles as the parameters of the manifold are varied [19] [20] [21] [22] . Indeed it seems likely that all Calabi-Yau manifolds are connected by processes of this type [23] [24] [25] [26] .
The consistency and continuity of the string vacua associated with this process is assured by effects involving solitons that wrap the vanishing cycles and which become massless at the transition where the cycles vanish [27] [28] [29] [30] . In virtue of duality this web structure must exist also on the heterotic side, though the physical picture is different. Indeed, the space of heterotic vacua also forms a web in which different models are connected along branches parametrized by vacuum expectation values of scalars in vector and hypermultiplets that correspond to the parameters of V. In virtue of the correspondence V ↔ ∆ there should be a dictionary that translates between the language of reflexive polyhedra and that of heterotic dynamics, including the non-perturbative effects uncovered by new insight into string phenomena [31] [32] [33] . A first step towards finding such dictionary was taken in ref. [8] where it was noticed that un-Higgsing of SU (r) groups in certain heterotic models matched into a chain of K3 fibrations. Subsequently, it was argued that the appearance of perturbative heterotic groups in these chains could be explained in the Calabi-Yau picture as well [10] .
Motivated by the observations of [8] , we point out that corresponding to a Higgsing chain of heterotic models, there is a chain of Calabi-Yau manifolds with a simple structure revealed by their description in terms of reflexive polyhedra. These manifolds are K3 fibrations. Indeed the four-dimensional polyhedron contains the polyhedron of the K3 in a simple way and it is this nesting of polyhedra that motivates much of our analysis. The heterotic models of [8] basically correspond to K3 × T 2 compactifications in which (20, 4) , (18, 6) , (16, 8) and (14, 10) are embedded in [34] . Maximally Higgsing the initial gauge group leads to models that can be identified with type II compactifications on known K3 fibrations [1, 8, 35] . Starting at these 'anchor points', we then study the type II description of un-Higgsing of different group factors. Recent results of ref. [35] allow us to consider other values of (d 1 , d 2 ). In some cases we find it necessary to include the effect of D = 6 extra tensor multiplets in the heterotic construction [33] . Reversing our strategy, we have also analyzed type II processes that arguably correspond to non-perturbative heterotic effects. The resulting type II pattern strongly suggests that these processes indeed have a non-perturbative interpretation in terms of transitions in which the number of tensor multiplets jumps by one and an instanton shrinks to zero.
This note is organized as follows. In section 2 we analyze K3 and K3 × T 2 heterotic compactifications, including possible Higgsing patterns. Theories of this kind have been studied in recent related work [32, 33, [35] [36] [37] [38] . In section 3 we consider various sequences of reflexive polyhedra and determine their relation to heterotic models. In section 4 we present our conclusions and list some open questions. An appendix contains figures of some of the polyhedra that we discuss.
Heterotic Chains
The starting point is a heterotic E 8 × E 8 compactification on K3 with SU (2) 
Since the 56 of E 7 is a pseudoreal representation, the d i can be odd and k can be halfinteger.
An initial heterotic model can be deformed by vevs of hypermultiplets thereby breaking the gauge group. Since d 1 ≥ 12, the number of (56, 1)'s is such that the first E 7 can be completely broken. In particular, it can be broken through the chain
where SU (1) denotes the trivial group consisting of the identity only. On the other hand, the group arising from the second E 8 can only be broken to some terminal group
The hypermultiplet content at every stage of breaking can of course be derived by group theory but it can also be found by imposing anomaly factorization conditions. Recall that the anomaly eight-form is given by
where α runs over the various gauge factors. At Kac-Moody level one, the coefficients v α are given by v α = 2, 1, [39] . The coefficientsṽ α depend on the hypermultiplet spectrum and can be determined from the form of the total anomaly [39] . For instance,
where n R is the number of hypermultiplets in the R representation. In the case of SO (10), SU (5), and SU (4), the number of fundamental representations is constrained to be n 10 = 2 + n 16 , n 5 = 10 + 3n 10 and n 4 = 8 + 4n 6 respectively. Finally, the total number of vector multiplets, n V and hypermultiplets, n H , satisfy the condition
It is easy to check that (2.3) is satisfied in the initial (d 1 , d 2 ) models described above.
In general, the gauge group is of the form G = G 1 × G 2 , with G 1 and G 2 coming from the first and second E 8 's. These groups are themselves products of simple factors. Notice that before Higgsing we haveṽ
where we have assumed
non-Abelian factors contained in G 2 will satisfyṽ α /v α = −k. In particular, this implies that the G
2 (k) mentioned before are free of charged matter. Similarly, all non-Abelian factors contained in G 1 will satisfyṽ α /v α = k. For instance, if the first E 7 is broken to SU (2), the number of doublets turns out to be
The number of SU (2) singlets is obtained from (2.3). For example, if G is broken to
2 (k), we find
It is straightforward to repeat this sort of analysis for other breaking patterns.
Up to now we have focused on six-dimensional models. Upon further compactification on T 2 , the N = 1, d = 6 hyper and vector multiplets of G give rise to N = 2, d = 4 hyper and vector multiplets also of G, in numbers n H and n V that still must fulfill (2.3). The tensor multiplet produces an extra U (1) vector multiplet associated to the dilaton and for generic 2-torus shape, there also appear two extra U (1) vector multiplets corresponding to the torus that are usually denoted by T and U . Another new feature is the existence of a Coulomb branch parametrized by expectation values of the adjoint scalars in the N = 2 vector multiplets. At a generic point, excluding the graviphoton, the gauge group is U (1) rank G+3 and the massless hypermultiplets include those n G sing fields originally neutral under G.
An N = 2, D = 4 heterotic model with the structure just described is potentially equivalent to a type IIA compactification on a Calabi-Yau manifold that is a K3 fibration and has h 11 = rank G + 3
In particular, maximal Higgsing of G to the matter-free G
2 (k) leads to
Un-Higgsing an SU (2) factor in G 1 then changes these numbers to
Another interesting situation is the un-Higgsing of SU (2) × SU (2). In this case we find For k = 6, 4, 3, 2, 1, eqs. (2.8) yield Hodge numbers that match those of known K3 fibrations given by hypersurfaces of degree 12k + 12 in IP 4 (1, 1, 2k, 4k + 4, 6k + 6) [1, 8, 35] . Remarkably enough, sequentially un-Higgsing SU (r) factors (r = 2, · · · , 4) leads to Hodge numbers that also match into those of known K3 fibrations [8] . The chain of spaces thus obtained is shown in Table 2 .1. Each element is then presumably equivalent to a heterotic K3 × T 2 compactification in which the gauge group can be enhanced to
at special points in the heterotic moduli space. Indeed, it has been shown [10] that such enhanced groups can also appear in the conjectured type II dual compactification. Actually, since the toroidal U (1) 2 can be enhanced to SU (3), there can be overall enhancement to a group contained in G × SU (3). 
The case k = 5 is special in that the chain of hypersurfaces do not in fact correspond to heterotic models of the type we have described since this would require d 2 = 2 < 4. Moreover, these hypersurfaces do not appear in the lists [14] of CY spaces in weighted IP 4 owing to the fact that the weights do not allow for transverse polynomials. This second objection is, however, easily dealt with. It is possible to give meaning to the manifolds of this chain in virtue of the correspondence between Calabi-Yau manifolds and reflexive polyhedra that is provided by the construction of Batyrev [18] in terms of reflexive polyhedra and it is therefore tempting to include this chain here. As for the first objection, we shall see in the next section, that the structure of the K3 polyhedra in the k = 5 chain is identical to that in the k = 6 chain. This strongly suggests that the terminal group is G (0)
This proposal works if we modify the N = 1, D = 6 construction so as to include effects seen in the compactification of M -theory [40, 41, 32, 33] and F -theory [36, 35] . More precisely we consider vacua with n T tensor multiplets so that the condition d 1 + d 2 = 24 is replaced by
We immediately see that n T = 3 permits d 1 = 22, d 2 = 0. In this way we can have a k = 5 chain. Moreover, the initial gauge group E 7 × E 8 can be completely broken to a matter-free E 8 .
The expressions for h 11 and h 12 must be modified since owing to the tensor multiplets, eq. (2.3) becomes [33] n H − n V = 273 − 29n T (2.13) and we must also take into account that upon further compactification on T 2 the n T tensor multiplets give rise to n T U (1) vector multiplets. The effect is that eqs. (2.8) are now replaced by
(2.14)
Eqs. (2.9) and (2.10) change accordingly. With n T = 3 and G For k = 0 we have a heterotic construction but this value does not admit of a simple interpretation in terms of the manifolds of Table 2 .1. However, this interesting case can be analyzed following the approach of ref. [35] . Indeed, it has been pointed out that the terminal hypersurface IP 4 (1,1,2k,4k+4,6k+6) [12k+12] can also be viewed as an elliptic fibration over the Hirzebruch surface IF 2k [35] . As we will explain shortly, in this setting it is natural to consider k = 0 as well as k =half-integer. We will end this section with a few comments on the latter situation.
When k = 1/2, the second E 7 can be broken completely so that G
2 (1/2) = SU (1). When k = 3/2, sequential breaking ends in SU (3) [32] . Notice thatṽ/v = −3/2 for a matter-free SU (3). When k = 5/2 the breaking can proceed to G (0) 2 (5/2) = F 4 [42] . For a matter-free F 4 ,ṽ/v = −5/2 [39] , as expected. When k = 7/2, there is no known breaking, the terminal group is just E 7 with a half 56 hypermultiplet. Finally, the values k = 9/2, 11/2 require n T = 4, 2 tensor multiplets and since d 2 = 0, the terminal group is E 8 .
Sequences of Reflexive Polyhedra
We now set out to study the CY spaces conjectured to give the type IIA dual description of the heterotic compactifications explained in the previous section. Our strategy is to analyze the manifolds following Batyrev's toric approach. (For a concise summary of Batyrev's construction in a form accesible to physicists see, for example, [16] .) To a CY manifold (of any dimension) defined as a hypersurface in a weighted projective space one can associate its Newton polyhedron, which we denote by ∆. The Newton polyhedron is often (perhaps always) reflexive and when it is we may define the dual or polar polyhedron which we denote by ∇. By means of a computer program we have computed the dual polyhedra for the last three manifolds given in Table 2 .1. The polyhedra for each k have similar properties that we will illustrate by considering k = 1 as an example. For this case, the points of the dual polyhedra are displayed in Table 3 .1. We shall modify these polyhedra shortly so for the present the ∇'s are distinguished by tildes. ( 1, 2, 2, 3) ( 1, 2, 2, 3) ( 1, 2, 2, 3) Table 3 .1: The dual polyhedra for k = 1 and r = 1, 2, 3.
The following observations summarize the structure of the polyhedra:
1. For each polyhedron all the points except two (the first and the last) lie in the hyperplane x 1 = 0. In each case the points that lie in the hyperplane x 1 = 0 themselves form a reflexive polyhedron which is the dual of the polyhedron for the respective K3 of the fibration.
2. Omitting the first two points and the last two points of each polyhedron leaves us with a two-dimensional reflexive polyhedron, 2 ∇, which is a triangle. This 2 ∇ is the dual polyhedron of the torus IP 2 (1,2,3) [6] , a sign of the elliptic fibration structure elucidated in ref. [35] 3. The three polyhedra of Table 3 .1 differ only in the second point of each (which is distinguished by an asterisk). Let δ denote the (non-reflexive) polyhedron consisting of the common points and denote by pt r , r = 1, 2, 3, the three special points pt 1 = (0, −1, 2, 3), pt 2 = (0, −1, 1, 2) and pt 3 = (0, −1, 1, 1). Then
We observe that we can add points to the polyhedra as follows without changing the Hodge numbers of the associated manifolds.
The fact that the Hodge numbers of 4 ∇ SU(r) and 4 ∇ SU(r) are the same may mean that the polyhedra correspond to the same manifold. However, whether this is or not the case, we will take the sequence of polyhedra on the left of these relations as defining the chain, abandoning if need be the sequence of spaces of Table 2.1 that was our original motivation.
4. The pt r lie in the hyperplane x 1 = 0 and the observation above that the points of the polyhedra that lie in the hyperplane x 1 = 0 form a reflexive polyhedron continues to hold for the augmented polyhedra 4 ∇ SU(r) . We are therefore dealing with a succession of K3 manifolds and the relations above hold equally well if each 4 ∇ is replaced by a 3 ∇ referring to the K3's.
Fix attention now on the polyhedra,
3 ∇, of the K3's and the two dimensional polyhedron, 2 ∇, of the torus. The 2 ∇ is the same for each of the three spaces. It consists of the 7 points that have x 1 = x 2 = 0.
of points for which x 1 = 0 and x 2 ≥ 0 and a 'bottom', 3 ∇ bot , consisting of points for which x 1 = 0 and x 2 ≤ 0. Figure 3 .1 illustrates this for the case k = 3 and r = 3. As we move up the chain 3 ∇ bot changes, it is succesively
The polyhedron 3 ∇ top however is unchanged as we move up the chain. 
∇
We can now elaborate on our statement that for each chain a similar pattern obtains. Apart from two points, which for each member of the k'th chain are (−1, 0, 2, 3) and (1, 2k, 2, 3), the points of the polyhedron lie in the plane x 1 = 0 forming the polyhedron, 3 ∇ of the K3. For each member of a chain, the polyhedron of the K3 is again divided into a top and a bottom by the polyhedron 2 ∇ of the torus and we may write
where ∇ k top depends only on k while ∇ H bot depends only on the group H that is perturbatively un-Higgsed in the heterotic side. In particular then, the dual polyhedron 4 ∇ k,SU (1) of the lowest space IP 4 (1,1,2k,4k+4,6k+6) [12k+12] can be written as
We can describe the tops and bottoms of 3 ∇ k,H quite simply. If we denote by T k the tetrahedron with base 2 ∇ and top vertex (0, k, 2, 3), the top polyhedron may be specified as follows:
The tops of the polyhedra that characterize the chains for k = 1, 2, 3 are shown in the Appendix. We can also easily describe ∇ H bot for H = SU (r), r = 1, 2, 3. Consider first the polyhedron 2 ∇ shown in Figure 3 .2 and let pt r be, as previously, the points of the lattice that are directly below the corresponding points of 2 ∇. We find that bot are shown in the Appendix. Note that we are abandoning the SU (4) manifolds of Table 2 .1 in favour of the definition that we are giving here. It would be of interest to see if these manifolds are in fact the same. 
We have also explored the obvious possibility of adding subsets of the pt r or other extra points to determine whether the resulting polyhedron is reflexive and whether the Hodge numbers can be interpreted as un-Higgsing in the heterotic picture. We find that this is the case, for example, for the subsets {pt 1 , pt 2 , pt 4 } and {pt 1 , pt 2 , pt 4 , pt 6 }. The un-Higgsed group can be identified, in these cases, as [SU (2) 
The Hodge numbers recorded in Table 3 .2 can be seen to agree with eq. (2.10).
We wish to consider also the cases for which k = 0 and k =half-integer. It is simplest to discuss first the cases k = , . . . , 11 2 . For these cases the manifolds in the left hand column of Table 2 .1 still make sense though the K3-fibration is less easy to see. On constructing the duals of the Newton polyhedra we find that precisely the same structure emerges as for the case of k integral. In particular all points except two lie in a plane and these points form the polyhedron, 3 ∇, of a K3. This shows that the manifolds are indeed K3-fibrations with generic fibre corresponding to the polyhedron 3 ∇. Again each 3 ∇ contains a 2 ∇ which divides the 3 ∇'s into tops and bottoms with the bottoms independent of k.
For k = 0 the manifolds of Table 2 .1 make no sense since the weight of the third coordinate would be zero. While for k = 1 2 the lowest member of the chain would be IP 4 (1,1,1,6,9) [18] which is not a K3-fibration. The cases k = 0 and k = 1 2 are however covered by a construction of Morrison and Vafa [35] which realizes the lowest member of each chain as an elliptic fibration over the Hirzebruch surface IF 2k . Each manifold is described as a space of seven complex variables s, t, u, v, x, y, z subject to three scaling symmetries with parameters λ, µ, ν. The variables scale with weights shown in Table 3 Table 3 .4 where the tops for all k are included for puposes of comparison. For k = 0 the construction yields a space that is best thought of as an elliptic fibration over
the construction yields a space that differs from IP 4 (1,1,1,6,9) [18] owing to the presence of an extra constraint. In all other cases it is easy to see that this construction gives again the space IP 4 We have seen that un-Higgsing in a terminal heterotic model can be interpreted as adding points in the 4 ∇ bot piece of 4 ∇ k , or equivalently, as imposing certain additional conditions on the monomial deformations that determine the dual Newton polyhedron.
Notice that in this process, the K3 fibers are modified. We have then a qualitative explanation of our results since, as explained by Aspinwall [10] , the actual non-Abelian structure of the group that is perturbatively visible is related in turn to the structure of the K3 fibers.
The arguments of refs. [9, 10, 38] also provide some hints for how to look for gauge groups that cannot be seen perturbatively. The basic idea is to include the effect of degenerate fibers or to modify the IP 1 part of the fibration. In the dual polyhedron this can be naively mimicked by adding points outside 3 ∇ k,SU (1) . In fact, motivated by the shape of the polyhedron, we have noticed that adding points (1, 2k − j, 2, 3), j = 1, · · · , 2k + 2, to 4 ∇ k,SU(1) always leads to a reflexive polyhedron. Moreover, the Hodge numbers in this new sequence of polyhedra have a rather interesting pattern as we now describe.
The transitions along the new branch are characterized by
Hence, as implied by eq. (2.13), they can be explained as transitions in which n T → n T + 1. Since, eq. (2.12) requires (
, this corresponds to shrinking of an instanton [32, 33] . The new sequence of polyhedra has then a non-perturbative interpretation. The observed transitions are dual to some heterotic dynamics that can only be seen in M -theory.
The result (3.6) is also compatible with un-Higgsing of a non-perturbative SU (2) accompanied exactly by 16 doublets. When k = 0, eq. (2.5) shows that un-Higgsing of a perturbative SU (2) precisely comes together with 16 doublets. Thus, in this case, the same group structure can appear along the perturbative and non-perturbative branches. Similar results were noticed in ref. [32] for the heterotic vacuum and in ref. [38] for the type II vacuum. In our approach this is manifest given the Z Z 2 symmetry x 1 ↔ x 2 of the k = 0 polyhedron (3.3) that corresponds to exchange of the IP 1 's in IF 0 = IP 1 × IP 1 . Thus, adding points pt ′ i obtained from pt i by x 1 ↔ x 2 leads to the same perturbative groups but with a non-perturbative interpretation since we have left fixed the original K3 generic fiber.
Conclusions
In this article we have considered K3 × T 2 , E 8 × E 8 compactifications with instanton numbers (d 1 , d 2 ) and n T tensor multiplets. Matching of spectra [1, 8] , and arguments based on F -theory [36, 35] , indicate that at the points of maximal symmetry breaking heterotic theories of this type are dual to type IIA compactifications on Calabi-Yau manifolds that admit a K3 as well as an elliptic fibration. The new contribution here is the observation that sequences of reflexive polyhedra associated to these spaces are nested in such a way as to reflect heterotic perturbative and non-perturbative processes. This qualitative observation is supported by quantitative agreement of the computed Hodge numbers and the number of tensor, vector and hypermultiplets in the heterotic side.
A comment concerning our results is in order. In terms of polyhedra we have only found the equivalent description of processes in which G 2 remains maximally broken while group factors SU (r), [SU (2) [33] .
After this article was completed we received two articles [43, 44] which overlap with the present work. 
